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ABSTRACT: We examine the equilibrium properties of a starburst dendrimer. A simple Flory theory is
developed for the dependence of the radius of gyration of the starburst on its generation. A self-consistent
mean field model is solved numerically to verify the Flory theory predictions and elucidate the density
profile within the starburst. The density is found to decrease monotonically from the center of the
molecule. Structure factors are calculated from the density profiles. Predictions of the model compare

favorably with recent experiments and simulations.

I. Introduction

A starburst dendrimer is a regularly branched mol-
ecule formed by fully reacting multifunctional monomer
units as sketched in Figure 1. Starburst molecules are
made either by divergent synthesis, starting from the
initiator core and sequentially filling out generations,?
or by convergent synthesis, growing branched arms first
and then attaching them to a core.2 There has been
considerable research on dendrimer synthesis, and there
are many reviews in the literature.3~7

Dendritic micelles have shown promise in a host of
applications including the storage and delivery of dyes,?
agrochemicals (pesticides, chelators, toxins, etc.),® de-
tergents,10 catalysts, ions, etc.! The pharmaceutical
industry could attach site-specific receptors and use
them as delivery vehicles for bioreactive molecules?? or
as self-contained microreactors acting as synthetic
enzyme analogs.!! Dendrimers have also been synthe-
sized which exhibit a thermotropic nematic liquid
crystalline mesophase.® In order to better engineer the
desired properties into a starburst dendrimer, one must
know how its internal density profile is affected by
specific chemical characteristics such as the functional-
ity of the branching monomers, the length of spacers
between branch points, and their relative flexibility or
rigidity. For a number of technological applications, it
is crucial to predict the range of parameters for which
a starburst has a dense outer shell with a solvent-filled,
hollow inner core. For example, this molecular ar-
rangement may mimic the structure of a cell membrane.

Currently there is a controversy in the literature as
to whether the simplest case of an uncharged starburst
with flexible spacers has a dense or a hollow inner core.
In an analytical calculation, de Gennes and Hervet'*
found the density to be minimal at the core and to
increase monotonically to the outer edge. However, a
numerical simulation of Lescanec and Muthukumar?®
showed a density maximum at the core with a mono-
tonic decrease to the edge. Both a Monte Carlo simula-
tion by Mansfield and Klushin® and a molecular
dynamics simulation by Murat and Grest!” showed a
density maximum at the core with a monotonic decrease
to the edge, except for a slight local minimum at small

® Abstract published in Advance ACS Abstracts, September 15,
1996.

Figure 1. Schematic representation of a trifunctional fifth
generation starburst dendrimer.

radial distances for large dendrimers. To help clear up
this controversy, we present the results of an equilib-
rium self-consistent mean field model which is in good
agreement with the computer simulations.

The first theoretical treatment of the starburst mol-
ecule was presented by de Gennes and Hervet.!4 They
considered the problem in the limit of long flexible
spacers between the trifunctional monomers, in an
athermal solvent, with each generation fully reacted.
Using a modified version of Edwards’ method of self-
consistent fields,!8 they derived a density profile which
had a minimum at the center of the starburst and
increased monotonically to the outer edge.

More recently, Lescanec and Muthukumar®® per-
formed a three-dimensional, off-lattice numerical simu-
lation of the starburst using a kinetic growth algorithm
for a self-avoiding walk. They found the density to be
highest at the center and to decrease monotonically to
the edge of the molecule. Mansfield and Klushin® have
shown that the hydrodynamic radii calculated from this
kinetic growth model agree well with the experimental
data for poly(amido—amine) (PAMAM) dendrimers. In
addition, the kinetic growth model!>1° predicts a maxi-
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mum in the intrinsic viscosity with increasing molecular
weight. This prediction has been verified experimen-
tally,?° giving some credence to this model despite its
nonequilibrium nature. Recently, a Monte Carlo simu-
lation was performed by Mansfield and Klushiné on
dendrimers of up to nine generations on a diamond
lattice. Qualitatively, their results are very similar to
Lescanec and Muthukumar’s. Contemporaneous with
the submission of this paper, a molecular dynamics
study by Murat and Grest!’ also gives evidence of a
density distribution which is maximal at the core and
decays to the edge of the dendrimer. In addition, they
investigated the effects of solvent quality, showing the
transition to a compact dendrimer. The numerical
simulations!>~17.19 each presented evidence that the free
ends were distributed throughout the molecule, not
exclusively on the surface as de Gennes and Hervet had
assumed.

Another recent study determined the average radial
size of a dendrimer through a renormalization group
calculation.2! Unfortunately, the density distribution
which gives rise to this radial size was not elucidated.

Clearly, the results of the analytical and numerical
approaches conflict fundamentally: de Gennes and
Hervet!* predict a density increasing monotonically from
the center, while the numerical simulations!®~17.19
predict a decreasing density profile. Both the de Gennes
analytical and the Lescanec—Muthukumar numerical
models have shortcomings for describing the equilibrium
properties of the starburst molecule. Implicit to de
Gennes and Hervet's force balance was the assumption
that each successive generation was at a further radial
distance from the core, so that the free ends would
ultimately lie at the outer surface of the molecule.1422
Since the mass of each generation is approximately
equal to the sum of the masses of all previous genera-
tions and each subsequent generation is assumed to be
radially further from the center, it is not surprising that
they found a monotonically increasing density profile.
Lescanec and Muthukumar’s simulation'® did not allow
the structures to relax to more entropically favorable
configurations. Thus their model is clearly nonequilib-
rium in nature. In contrast, the Monte Carlo simulation
of Mansfield and Klushin'® should be sampling equi-
librium behavior since it appears to have been run
sufficiently long to relax the structures to their equi-
librium configurations. Likewise, the molecular dy-
namics simulation of Murat and Grest!” was shown to
converge to very similar radial dimensions even when
started in dramatically different initial configurations.

To resolve the controversy between the analytical and
numerical results, we have performed an equilibrium
self-consistent mean field (SCMF) calculation and de-
rived a simple analytical equation from Flory theory for
the dependence of the radius of gyration upon genera-
tion. Qualitatively, our results support the findings of
the numerical simulations.

In section 11, we present a Flory theory of a starburst
dendrimer and discuss the limiting behavior of the
dendrimer for large and small excluded volume param-
eters. In addition, we perform a simple rescaling of the
Flory theory to describe the effects of flexible spacers.
In section 111, we describe the formulation of the SCMF
model. In section 1V, we compare the Flory theory
predictions for the radius of gyration to the SCMF
results, to Lescanec and Muthukumar’s simulation,*®
to Mansfield and Klushin's simulation,® to Murat and
Grest's simulation!” and to experimental dataZ® on the
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hydrodynamic radius. In section V, we calculate the
structure factors from the SCMF model and compare
them with scattering experiments.?324 We also offer
predictions for the structure factors to be found by
small-angle neutron scattering from starbursts with a
deuterated final generation. The results are sum-
marized in section VI.

Il. Flory Theory of Starburst Dendrimers

Consider a freely jointed starburst molecule of g
generations, containing N monomers, of length b (e.g.
Figure 1 for g = 5). In the absence of excluded volume
interactions, the molecule maximizes its entropy, with
each linear strand assuming its Gaussian configuration
(the monomers are “ghost” monomers and do not
interact). The square root of the molecule’s mean
square radius of gyration is proportional to the size of
a typical linear strand of g monomers:

Ro ~ bg"? 1)

(~ means “is proportional to” (up to numerical prefac-
tors)). The density distribution for a Gaussian starburst
(without excluded volume interactions) decays mono-
tonically from the center. For a detailed calculation of
the pair correlation function for a Gaussian starburst,
see Appendix A. The corresponding structure factor
S(g) was calculated by Hammouda.?> The analytic
expression for S(q) is provided in Appendix A.

For a starburst of g generations with a nonzero
volume v occupied by each monomer, there is a mini-
mum allowable size Rnmin which corresponds to a space-
filling, dense dendrimer:

vN(g) = %nR3 (2)

min

In a generation g dendrimer, the number of monomers
N(9) is

z(z—1)?-1)

Ng) =1+ 55—=5 ©)

for a dendrimer with z functional branch points. For
simplicity, we assume that we are in the good solvent
limit so that the excluded volume parameter is equal
to the volume v occupied by a monomer. The volume
occupied by the starburst vN(g) in a space-filling state
grows exponentially with the number of generations g
while the maximum accessible volume (4/3)zg3b3 only
increases cubically with the generation. Since the
occupied volume grows faster than the accessible volume
with increasing generation, there will always be a
maximum attainable generation, gmax, beyond which the
dendrimer is overdense and cannot fit in physical space.
Before this generation is reached, in principle there may
be a range of generations for which the dendrimer
collapses to a dense state with size Rnin. Combining
(2) and (3) and substituting the largest value allowable
for the radius (gb), corresponding to the fully stretched
state, we find the maximum generation (ignoring loga-
rithmic corrections in g):

__In(zi(z — 2)b%)
max ™ In(z — 1)

(4)

As expected, increasing the excluded volume parameter
v decreases the maximum attainable generation. For
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Figure 2. Radius of gyration Rq (in units of b) as a function
of generation g. The solid line is the Flory theory prediction
for an excluded volume parameter v' = 0.1b3; the dotted line
corresponds to the Gaussian state and the dashed line to the
dense state (from eq 2: Rgmin = (3/5)Y?Rmin). The swelling
generation g* and the maximum possible generation gmax are
defined in the text.

example, for excluded volume parameter of v = 0.013b3,
the maximum possible generation is gmax ~ 15, while
for v = 0.063b3 we find gmax &~ 12 (these values were
chosen because they are in the relevant experimental
range). It will be experimentally very difficult to
approach the fully reacted generation gmax.

If the starburst is not dense, its configuration is
determined by balancing the repulsive excluded volume
interaction with the entropic energy penalty for swelling
the molecule beyond its preferred Gaussian configura-
tion. The Flory?® free energy for a single linear branch
of g monomers in the starburst is

F R? R vNg
— =~ (32)|—| - 3In|=-| + —— 5
kT )(ROZ) n(Ro) ! (4/3)7R? ©

The first term gives the entropic contribution to the free
energy due to stretching of the branch. The second term
is the confinement entropy. The final term is the energy
of the excluded volume interaction of a single linear arm
of the starburst (with g monomers) with the mean field
density due to all the monomers. Minimizing the free
energy, we find the equation for the equilibrium size in
terms of the linear expansion factor (o = R/Rp):%’

s_ - VNG WN

—o = ~— 6
@R3)Ry° g™ ©)

The final scaling form is obtained by substituting for
the Gaussian size Ry its expression from eq 1. The
radius of gyration Ry of a dendrimer is proportional to
the size R of the typical branch. The solid line in Figure
2 is the radius of gyration Ry of the starburst deter-
mined from the Flory theory (solution of eq 6 with an
excluded volume parameter of v = 0.0126b8%). For small
generations (g < 5), it is not very different from the
Gaussian size (plotted as a dotted line). A starburst
with nonzero excluded volume parameter v follows
Gaussian statistics if the excluded volume interaction
energy is not large enough to cause swelling. We can
estimate the generation g* at which the strand swells
to roughly twice its size by equating the mean field
approximation of the excluded volume energy in a single
linear strand of the starburst to the thermal energy kT:
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vg*N(g*
ke ONE@D )
(4/3)7R,
For small excluded volume parameter v, corresponding
to a large swelling generation g*, the solution for g*
from eq 7 scales in the same way as gmax in eq 4:

v« In(vzi(z - 2)b°)

In(z—-1) ®
For example, solving eq 7 numerically, we find that the
onset of swelling is at g* ~ 4 for an excluded volume
parameter of v = 0.063b% and that it is at g* ~ 7 for an
excluded volume parameter v = 0.013b3® as shown in
Figure 2. The behavior of starbursts with less than g*
generations is dominated by the entropic contribution
to the free energy. Beyond the g* generation, the
starburst swells as the excluded volume interaction
becomes important. The dashed line in Figure 2 is the
radius of gyration Rymin of a space-filling state calculated
from eq 2. A dendrimer of g generations with this
minimum allowable size completely fills its accessible
volume like a polymer melt. In Figure 2 for generations
larger than 14 the Flory theory predicts an unphysical
equilibrium size which is smaller than that of a dense
starburst. The Flory theory fails because it neglects the
three-body (and higher) excluded volume interactions
which are important at these high densities. Since the
Flory calculation does not specifically forbid overdense
configurations, and the excluded volume energy which
acts to swell the starburst is underestimated in this
regime, it is not surprising that the resulting equilib-
rium size predicted is unphysically small. The Flory
theory predicts that the dense state is achieved, in
general, before the maximum possible generation gmax.

We now consider a starburst dendrimer of generation
g with flexible spacers. Each spacer consists of s
monomers of size b and excluded volume v. The
Gaussian size of this dendrimer Ry is of the order of the
size of a linear strand of gs monomers:

Ro ~ b(gs)"* (9)

We can replace a spacer with s monomers by one with
an effective single monomer of size

by = bs'? (10)

so that the Gaussian size of the dendrimer is still
Ro & bess g¥2. The excluded volume parameter of this
effective single monomer spacer can be calculated within
the mean field approximation. The interaction energy
is proportional to kTv times the number of pairwise
contacts. Thus the effective excluded volume parameter
Verr IS equal to the “bare” excluded volume parameter v
times the number of monomer pairs s2 of two interacting
“bare” spacers:

Vet = VS (11)
We can again use the Flory theory to determine the
starburst size by balancing the entropy and the excluded
volume interactions. The Flory theory predicts that the
dendrimer with flexible spacers has the same size R as
the dendrimer with a single monomer spacer of effective
size bess = bs!2 and effective excluded volume parameter
Vet = vs2. We will verify this prediction in section IV.
Adding flexible spacers provides a means of increasing



7254 Boris and Rubinstein

the size of the starburst without changing the bare
excluded volume parameter. In addition, flexible spac-
ers allow one to make starbursts of larger generations
since the mass only increases linearly with the number
of monomers in the spacer while the accessible volume
increases cubically.

I1l. Self-Consistent Mean Field Model

In order to investigate more specific details of the
density distribution, we performed a self-consistent
mean field calculation. Following the ideas of Levine,
Thomlinson, and Robinson?® and Scheutjens and Fleer,?®
we calculated the probability distribution of a single
branch of the starburst in the presence of a mean
density field due to all of the monomers in the molecule.
The mean density field is then recalculated self-
consistently by assuming that all branches obey the
probability distribution calculated for a single branch.
We have incorporated the excluded volume interaction,
and the resulting non-Gaussian statistics, entirely
through coupling to the self-consistent density field. For
the starburst, we exploited the spherical symmetry of
the molecule and established a coordinate system with
spherical concentric shells of width (b) about the initia-
tor core (of radius b/2). To calculate the mean field, we
assume that the density is uniformly distributed within
the shell. Initially, we assign an average density to each
shell, then we use this density profile to calculate the
probability distribution for a single branch in this
density field. From this probability distribution, we
recalculate a new density profile. This process contin-
ues until neither changes under repeated iteration and
we have found the equilibrium density profile and
probability distribution which are the fixed-point solu-
tions.

In the spirit of the recursion relations generated from
the matrix method of Di Marzio and Rubin,3® we
calculate the distribution for a test branch of g genera-
tions, placed in a mean density field, from a recursion
relationship:

W () =
Oj-1,Wik-10—1) + 0j;W,_1() + 0j41 jWi—1(+1) (12)

where W,(j) is the weight for the kth generation of a
test branch to be in the jth shell and q;; is the
probability for stepping from shell i to shell j. The
weight distribution of the next generation is found from
the previous one by multiplying the previous distribu-
tion by the probability of making a single step into all
accessible shells. Every arm of the starburst starts at
the core (the zeroth shell) and makes an initial step into
the first shell. This translates into the following initial
conditions:

Wy(0) = 1; Qs =1 (13)
The probability of stepping from the ith shell (i > 1)
into the jth shell is

Qo0 = 0;

qi; = fi;(L = Vv'p@), where j={i—1,i,i+1} (14)

with the stepping probabilities normalized such that

z qi; =1 (15)
=1—1

i

The stepping probability ¢;;j is proportional to the
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amount of free space available in the jth shell (1 —
V'p(j)), where p(j) is the average number density in the
jth shell and v' is the excluded volume parameter in the
SCMF model. fjjis a geometrical factor, which slightly
favors stepping radially outward since there is more
volume in the outer shells. fj; is given explicitly in
Appendix B. The qualitative behavior of the starburst
is insensitive to the actual numerical value of the
geometric factor fj;.

Starting from the first monomer at the initiator core
(k = 0), we proceed calculating the weight distribution
W.(j) recursively for each subsequent generation k until
the final one is added (k = g). The probability for a
monomer from the kth generation to be in the jth shell,
Pk(), is determined by normalizing the weight distribu-
tion Wi(j):

)
Pui) =~ (16)
W, (i)

Thus we are able to calculate the probability distribu-
tions for each generation of the test branch in the
presence of a density profile p(j). We close the system
of equations self-consistently by calculating a new
average density profile from this probability distribu-
tion:

g
NP, (
(kZD kP())

s — 17)
g V()

The probability Py(j) for the kth generation to be in the
jth shell multiplied by the number of monomers N in
that generation gives the contribution to the mass in
the jth shell from the kth generation. Summing the
contributions from all generations k and dividing by the
volume in the shell V(j) gives us the number density
p(j) in each shell. So, using this method, we can
calculate a density profile given the probability distribu-
tion. We now enforce self-consistency and generate
iteratively the equilibrium (fixed point) probability
distribution and density profile.

In this model, we can change the functionality of the
branch points, the spacer length, and the excluded
volume parameter v'. The model allows us to calculate
the overall density profile and the spatial distribution
of any generation of interest in the system.

Clearly, this theory has all the inherent assumptions
of any mean field theory, since we calculate the excluded
volume interaction of a test branch with a mean density
field found by preaveraging over configurations of all
the other monomers. In particular, we are ignoring all
correlations along the branch. To calculate the radius
of gyration of the starburst, the mass of the shell is
assumed to be uniformly distributed in the shell. In
addition, by averaging over angular variables, we as-
sume that the molecule is spherically symmetric with
the center of mass at the core monomer which is located
at the center of the molecule. For dendrimers with
excluded volume interactions, we expect that the ap-
proximation of spherical symmetry improves with in-
creasing generation as the dendrimer densifies.

1V. Results

We focus upon trifunctional starbursts (z = 3) to
compare the predictions of the self-consistent mean field
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g

Figure 3. Radius of gyration Rq (in units of b) as a function
of generation g. The data points are from the SCMF model
for v’ = {0, 0.0001, 0.001, 0.01, 0.1, and 0.5 (units of b’ 3)} from
bottom right to upper left, respectively, the lines are from Flory
theory with Rqgy calculated both with respect to the center of
the molecule (dashed lines) and with respect to the actual
center of mass (solid lines).

(SCMF) model and the Flory theory (presented in
section 1) with numerical simulations!®~171° and ex-
periments on PAMAM dendrimers.?2° In Figure 3 we
demonstrate the effect of excluded volume interaction
on the size Ry of the starbursts. The points are the radii
of gyration Ry of starbursts calculated from the SCMF
model with a single monomer spacer of scaled step size3!
b’ = 0.92b for excluded volume parameters: v' = 0,
vV =104 Vv =103, v =102 Vv =101, andv =05
(in units of b’ 3) respectively from bottom right to top
left in Figure 3. The solid and dashed curves are
calculated from the Flory theory using two different
approximations for the Gaussian radius of gyration Rg
for a dendrimer with a single monomer spacer of length
b and the same set of excluded volume parameters used
in the SCMF calculation but rescaled by a single fitting
constant v = 7.9v'.32 The lowest pair of curves and set
of points show the dependence of radius of gyration Ry
on generation number g for Gaussian dendrimers
(v = 0). The curves corresponding to finite excluded
volume parameters (V' > 0) follow the Gaussian depen-
dence for small generations (g < g*) and deviate from
it as larger starbursts swell (for g > g*). The crossover
g* between the two regimes shifts to smaller generations
with increasing excluded volume parameter as predicted
by eq 7. The results of the SCMF calculations (the
points in Figure 3) are in excellent agreement with the
Flory theory (dashed curves) that calculates the Gauss-
ian size using the approximation made in the SCMF
model, that the center of mass is at the core monomer.
From this comparison, we see that the Flory theory very
slightly underestimates the radius of gyration at small
generations. One can attribute this to both the higher
relative importance of non-Gaussian statistics for small
dendrimers and to the contribution of the central
monomer in the SCMF model.3® The solid curves are
the predictions of the Flory theory which, in calculating
Rog, allows for fluctuations of the location of the core
monomer in the center of mass frame. The agreement
between the solid curves and the SCMF theory is good
at large generations, but the SCMF model clearly
systematically overestimates the radius of gyration,
particularly at small generations, because it fixes the
center of mass at the core monomer.

The success of the Flory theory is shown even more
clearly in Figure 4 because the numerical results of the
SCMF calculations are shown to collapse onto a single
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Figure 4. In[(c® — o®)/v] as a function of generation g. The
Flory theory (solid line) from eq 6 collapses the SCMF model
data simultaneously for v' = {0, 0.0001, 0.001, 0.01, 0.1, and
0.5 (units of b’ %)} (the overlapping dashed lines).

10 - >

Figure 5. Radii of gyration Ry (in units of b) as a function of
generation g for dendrimers calculated from the SCMF theory
with s = 1; v’ = 0.1(3¥2)3p’ 3 (diamonds) and for the parameters
s =3,V =0.1/3"2p' 3 (solid circles) as predicted by the rescaling
of the Flory theory. Also shown is the Flory theory for s =1,
V' = 0.1(3Y2)%p’ 3 (solid line) and for v' = 0, s = 1 (dotted line).

universal plot of In[(a® — o®)/V'] as a function of the
generation g (see eq 6). The Flory theory prediction for
this function, In[Ng/(4/3)7R0°%] (plotted as a solid curve)
is in excellent agreement with the results of the SCMF
calculations (the various dashed curves which overlap
with the solid one) for excluded volume parameters of
vV =0,Vv=10"%Vv =108 v =102 Vv = 107}, and
v' = 0.5 (in units of b’ 3). The only disagreement is at
small generations where the SCMF and Flory theories
slightly deviate as we have discussed above.

For dendrimers with flexible spacers, our rescaling
predictions (eqs 10 and 11) were verified for a series of
effective excluded volume parameters ranging from 0.01
to 0.5 for spacers containing 1, 2, and 3 monomers. For
example, in Figure 5 we compare the radii of gyration
as a function of generation for dendrimers with spacers
of three monomers (s = 3), each monomer of size b’, with
an excluded volume parameter of v/ = 0.1/3Y2b' 3 (points
in Figure 5) and for dendrimers with spacers of a single
effective monomer of size ber = 3Y2b', with excluded
volume parameter Ve = 0.1be® = 0.1(3V2)3b’' 3 (the
diamonds in Figure 5) as calculated by the SCMF
theory. The solid line is the Flory theory prediction for
the latter set of parameters (s = 1, be = 3Y2b,
Veir = 0.1(3%2)3p" 3). The Gaussian case (s = 1, begs = 3Y2b,
v = 0) is shown as the dotted line. Figure 5 demon-
strates that the rescaling theory (eqs 10 and 11) works
very well and that the two sets of dendrimers indeed
have the same size. The excellent agreement in Figure
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Figure 6. Comparison of the root mean square radii of
gyration in units of monomer length b from Lescanec and
Muthukumar’s simulation®® (symbols in legend) for 1, 3, 5, 7,
9 and 11 step spacer dendrimers, from Mansfield and Klushin’s
simulation'® (solid circles), and from Murat and Grest's
simulation?’ (open circles) for 7 step spacer dendrimers with
the Flory theory. The Flory prediction for the comparison with
Lescanec and Muthukumar's data uses excluded volume
parameters predicted by egs 10 and 11 from a bare single
spacer of excluded volume v = 0.41b% (solid lines). For
comparison with Mansfield and Klushin's data, the Flory
theory with effective spacer size bes = 3.5b and effective
excluded volume parameter v’ = 2.3b® (dashed line) is used.
The dot—dashed line is the best fit Flory theory to Murat and
Grest's data with excluded volume parameter of v' = 6.56b%.

5 shows conclusively the validity of the Flory theory for
predicting the size of starbursts with flexible spacers.

In Figure 6 we plot the radii of gyration obtained in
the numerical kinetic growth simulation of Lescanec
and Muthukumar for dendrimers with 1, 3,5, 7, 9, and
11 step spacers between generations.’® Lescanec and
Muthukumar used a ball and stick model, with bare
step size b = 1.2 and sphere radius r = 0.5, to represent
the dendrimer and ensure no overlap between spheres
quantitatively. In our model, the excluded volume
parameter v measures the total volume which a single
monomer renders unavailable to other monomers. We
used a least-squares fitting procedure to find the Flory
theory excluded volume parameter of v' = 0.41b3 which
best fits all of their data sets simultaneously using the
scaling relations developed for spacers (egs 10 and 11).
The six solid lines in Figure 6 are the Flory theory
curves using this single fit parameter. Over most of the
range of the data the fit is quite reasonable. However,
the data for 9 and 11 step spacer dendrimers at the sixth
and seventh generations systematically fall below the
predicted curves. The 1 and 3 step spacer dendrimer
size is slightly underpredicted as well. By increasing
the excluded volume parameter, we can improve the fit
for dendrimers with small spacers (the best fit excluded
volume parameter to the single step spacer data (s = 1)
is v/ = 0.91b3) at the expense of the larger spacer ones
(or vice versa). While it is possible that the nonequi-
librium nature of their simulation is responsible for this
discrepancy, it is more likely that the discrepancy is due
to our mean field assumption used in rescaling the
excluded volume of spacers (see eq 11).

The radii of gyration for dendrimers with seven
monomer spacers of step size b = 32 between trifunc-
tional junctions were calculated by the Monte Carlo
simulation of Mansfield and Klushin® (solid circles in
Figure 6). In order to compare their results with a
rescaled dendrimer with a single monomer spacer, we
determine the effective step size bess = 3.5b so that the
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Figure 7. Comparison of experimental hydrodynamic radii
(solid circles) with the radii of gyration calculated from Flory
theory for v/ = 0.1b' 2 (solid line) as a function of generation g.
The dashed line shows Ry calculated from the SCMF model.

end-to-end size of the single step spacer is the same as
their seven step spacer. The discrepancy between this
value and the one predicted by eq 10 of bt = 7¥2by, is
due to the increased persistence length b, = 1.33b for
walks on a diamond lattice. The dashed line in Figure
6 is the prediction of the Flory theory for the rescaled
dendrimer with a single monomer spacer between
generations with step size be and a fitted excluded
volume parameter of v/ = 2.30b3 (Vest = 2.63be®). The
agreement between the simulation results and the
analytical theory (with one adjustable parameter V') is
quite good, especially at large generations where the
Lescanec and Muthukumar simulation already shows
some downward deviation for the same number of
spacers (s = 7). The excluded volume parameter fit to
this simulation is larger than that found for the best
fit to all the Lescanec and Muthukumar!® simulation
data (v = 0.41bp®%). The increased persistence length
on the diamond lattice of Mansfield and Klushin® and
the small size of the excluded volume beads of Lescanec
and Muthukumar?> help explain the difference between
the excluded volume parameters measured.

The open circles shown in Figure 6 are the molecular
dynamics simulation data of Murat and Grest!’ for
dendrimers with seven step spacers (s = 7) plotted in
units of their average bond length (b = 0.97¢ in their
units) for an athermal dendrimer. The dot-dashed line
is the Flory theory with a least-squares fit excluded
volume parameter of v' = 6.56b3. This fit excluded
volume parameter is larger than that found in fitting
the simulation of Mansfield and Klushin?® for the same
number of monomer spacers (s = 7) between genera-
tions. Most likely, this difference is due to the differ-
ences in persistence length and excluded volume (po-
tential shape and size for molecular dynamics) inherent
in these simulations.

The experimentally measured hydrodynamic radii
(Rn) of PAMAM dendrimers2® are compared with the
radii of gyration (Rgy) predicted by the Flory theory. The
experimental data for Ry, are shown in Figure 7 (solid
circles) to follow the Flory theory prediction for Rg with
v' = 0.1b’' 3 (solid line) fairly well at smaller generations
(g < 4), but for larger generations (g > 6), Ry, crosses
over toward an average value of Rgy (dashed line), the
radius inside of which 90% of the monomers lie, as
determined from the SCMF model. This is entirely
consistent with the findings of Klushin and Mansfield,®
who showed that the dependence of R, upon generation
is stronger than that of Ry at generations larger than
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Figure 8. Density profile p(j) of starbursts: volume fraction
(¢ = vp(j)) as a function of radial distance for excluded volume
parameter v' = 0.5b’ 2 for starburst of generation g = 2—7.

five (g > 5). In fact, they gave bounds for Ry, that
crossed between Ry and Rgg exactly as we observe. The
fitted value of v/ &~ 0.1b' 3 (where b’ is the monomer size)
is reasonable for the experimental system because it
allows them to be grown beyond the 10th generation
(which have been made experimentally) and predicts a
dense state somewhere between the 11th and 15th
generation. This excluded volume parameter gives
reasonable fits to the scattering data as well (see section
V, Figure 10, for instance).

As evident from Figure 8, our results support the
contention that the density is largest at the core and
decays monotonically to the edge. This monotonic
profile is seen for all cases studied. This profile is in
near-quantitative agreement with the density profiles
shown in ref 15 (once volume fraction is converted to
density). These profiles are also qualitatively very
similar to those found by the Monte Carlo simulation
of Mansfield and Klushin.’® Their data show two
features that ours do not. At very small radial dis-
tances, on the order of their lattice spacing, they find
sharp peaks and valleys in their density due to their
lattice approximation. At small radial distances (but
larger than their lattice spacing), they find a small local
density minimum. Murat and Grest!” find a similar
local minimum in the density distribution at small
radial distances. This slight minimum is inconsistent
with our results. However, this is the region where
their data are least reliable due to poor statistics.
Beyond this region the simulation data is smooth and
decay monotonically as we would expect, in good agree-
ment with our data.

Chain dynamics studies done through monitoring 13C
NMR relaxation of PAMAM dendrimers indicated that
the chain dynamics were insensitive to steric crowding
that occurs at the molecular surface, but instead showed
a gradual slowing of internal chain motion as the
molecular weight increases.®* This is completely con-
sistent with our findings since the molecular crowding
does not occur at the surface, instead it is the interior
of the dendrimer which begins to sterically crowd with
increasing molecular weight (or generation g).

Figure 9 gives direct evidence that the ends are
distributed throughout the structure for starbursts of
all generations (2nd through 7th generation end prob-
ability shown for v = 0.5b'3). Mansfield and Klushin
report a similar dependence for 6th generation star-
bursts with spacers of two monomers?® (s = 2) and with
spacers of seven monomers!® (s = 7). The peaks they
see at smaller distances are due to the liquid-like short-
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Figure 9. Free end probability distribution as a function of
radial distance for excluded volume parameter v' = 0.5b' 2 for
starbursts of generation g = 2—7.

range ordering in their model. The SCMF model
ignores these correlations. The calculated radii of
gyration scale proportionally to the position of the peak
of the distribution of the final generation (since half of
the mass is in this generation). However, it is important
to note that approximately one-third of the free ends
are distributed inside of this radius. Since the equilib-
rium position of the last generation is in the interior of
the molecule, slow reaction kinetics may limit the
experimentally accessible maximum generation (diffu-
sion to the reactive free ends may be greatly sterically
hindered).

V. Scattering

The scattering structure factor S(q) measures the
amplitude of density correlations on length scales of
27q~1. Mathematically, S(q) is the Fourier transform
of the density—density (two point) correlation function.
S(q) is sensitive to both the spatial variations of the
average density profile of a system and to correlations
between fluctuations of density. We can calculate
structure factors from our SCMF density profiles, but,
as was noted by Auvrey and de Gennes for the case of
adsorbed polymer layers,3® a mean field approximation
loses the correlations between density fluctuations,
which are quite important because they contribute a
finite fraction to the observed scattering amplitudes at
high wavenumbers q. We have devised a straightfor-
ward method to reintroduce the scattering from density
fluctuations. For Gaussian (V' = 0) dendrimers we
subtract the scattered intensity due to the mean field
density from the analytically known S(qg), which was
first calculated by Hammouda?® (the explicit expression
is in Appendix A), to obtain the fraction of scattering
intensity that is due to fluctuations (lgauss). We simply
add this scattering intensity due to Gaussian fluctua-
tions to the scattering intensity due to the mean field
density calculated in the SCMF model for finite excluded
volume parameters:

Itotal ~ Imf + Igauss (18)

Thus we are making a Gaussian approximation for the
fluctuations in the system with excluded volume. In
general, therefore, we expect to slightly overpredict S(q)
since the excluded volume interaction will reduce the
magnitude of the density fluctuations.

In Figure 10 we show the Kratky plot for a seventh-
generation starburst with a single spacer between
generations, v' = 0.1b' 3 (solid line) calculated from our
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Figure 10. Kratky plot of (qR,)2S(q) as a function of gRy from
the analytical calculation with v' = 0 (dashed), from the
corrected SCMF model with v' = 0.1b’3 (solid), for a solid
sphere (dot—dashed), and from experimental data?® (points)
for scattering from a seventh-generation PAMAM starburst.

SCMF model after adding fluctuation corrections and
compare it to experimental data. By plotting (Rqq)2S(q)
vs g Ry, we remove the length scale dependence and
accentuate the differences due to the density distribu-
tions. The points are from the SANS experiment on
PAMAM dendrimers.?® As expected, the excluded vol-
ume interaction decreases the structure factor from the
Gaussian limit shown (dashed curve) because it makes
densified regions energetically unfavorable and spreads
the density distribution. The structure factor one can
calculate from de Gennes and Hervet's predicted density
distribution falls slightly below the structure factor for
a solid sphere (dot—dashed curve). While there is a
large scatter in the data, and our fluctuation correction
method introduces an error in our prediction of ap-
proximately the same magnitude as the data scatter,
the data clearly differentiate between our model and the
solid sphere, agreeing well with our predicted structure
factor.

Mansfield and Klushinl6 show scattering predictions
for 2nd through 8th generation dendrimers with seven
step spacers. Qualitatively, we see very similar behav-
ior for 0 < gRy < 3.5; however they see a more
pronounced secondary maxima at qRg ~ 5 for genera-
tions 4—8. For larger g, they see the crossover to the
asymptotic behavior caused by fluctuations inside of
their self-avoiding correlation blobs. Since the asymp-
totic behavior is due to self-avoiding correlations, it is
missing in our mean field model.

Various predictions for the Kratky plot for a starburst
with a deuterated final generation are shown in Figure
11. S(q) and “Ry” are calculated from the density
distribution of the last generation only. After correcting
for fluctuations using the gaussian results for ends only
(the analytical expression for the structure factor is
given in Appendix A), the Kratky plot (S(q) (9“Rg")?)
predicted by the SCMF model with v = 0.1b' 3 (solid
curve) shows a pronounced secondary maxima not
present in the Gaussian (dashed) curve. Also shown is
the corresponding Kratky plot for the spherical shell
assumed by de Gennes and Hervet (dot—dashed line).
We hope forthcoming experiments will be able to
distinguish between these predictions because of the
large difference in the height of the secondary maxima.

V1. Conclusions

Our principal findings are as follows: (i) Our self-
consistent mean field model conclusively shows that
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Figure 11. Kratky plot of (qRg)?S(q) as a function of gRy from
the SCMF model corrected for Gaussian fluctuations with
v' = 0 (dashed) and v’ = 0.1b’ 2 (solid) and for a solid shell of
width b (dot—dashed) for free ends only of a seventh-generation
starburst (“Ry” is calculated from free ends).

flexible dendrimers have dense, not hollow, cores. (ii)
For all cases studied, the density is greatest at the core
and decays to the edge of the dendrimer, in agreement
with the various numerical simulations'®>~17.19 in the
literature. (iii) Our simple Flory theory incorporates the
basic physics and predicts the size of the starburst. (iv)
We have derived and verified expressions for the res-
caling of the excluded volume parameter and step size
caused by the addition of a spacer consisting of a flexible
chain of monomers between trifunctional junction points.
(v) The addition of flexible spacers spreads the density
distribution to further radial distances and allows
starbursts of larger generations to be made by reducing
the effective excluded volume parameter in the Flory
theory in a predictable, controllable way. (vi) The
experimental hydrodynamic radii for PAMAM dendri-
mers follow the qualitatively expected behavior crossing
between our predictions for Ry and Rgo. (vii) Our
predictions agree well with the experimentally mea-
sured structure factor for seventh-generation PAMAM
dendrimers. (viii) In direct conflict with the assumption
of de Gennes and Hervet, but in agreement with all of
the computer simulations, we find that the ends are
distributed throughout the volume of the dendrimer.

It is easy to understand the basic physics controlling
the density distribution of the starburst dendrimer. A
starburst determines its configuration by balancing the
repulsive monomer—monomer excluded volume interac-
tion with the entropic energy penalty for swelling the
molecule beyond its preferred Gaussian configuration.
The excluded volume parameter v controls the crossover
between the two limiting cases in which either entropy
or the excluded volume interaction dominates. In the
Gaussian limit (v = 0), entropy dominates and we have
shown that the dendrimer’s equilibrium density profile
has a density maximum at the core and decays mono-
tonically with increasing radius. As the system ap-
proaches the dense limit the excluded volume interac-
tion dominates, driving the system toward a uniformly
dense state. Since the configuration of the starburst is
determined by the balance of two forces, due to entropy
and the excluded volume interaction, neither of which
prefer a hollow core, it is not surprising that for all cases
studied the density is greatest at the core and decays
monotonically to the edge.

In the future, it may be useful to include more
advanced structural and spatial correlations in a self-
consistent mean field model. This is particularly mo-
tivated by a second Monte Carlo simulation of Mansfield
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which shows that dendrons (branches) within a den-
drimer segregate despite being chemically identical.3®
Murat and Grest!” further quantified dendron segrega-
tion, showing that larger dendrons (high-generation
dendrimers) segregate more completely. Dendron seg-
regation is an entirely expected phenomenon since the
criteria for monodisperse branched polymers to overlap
is simply that the Gaussian dimension of the polymer
is less than the spatial dimension. Since starburst
dendrimers have an infinite Gaussian dimension but are
confined to exist in three-dimensional space, they cannot
overlap and should segregate. Our current mean field
model does not contain the structural correlations nor
does it retain the angular spatial information needed
to describe dendron segregation. We do not expect
dendron segregation to have a major effect upon the
mean density distributions and radii of gyration of
dendrimers as can be seen by the good agreement of
our model with both experiments and simulations.

Since many of the technological applications for
starbursts require a hollow interior, it is important to
point out that such a structure can be engineered. If
the branches of the starburst were very rigid, so that
the persistence length of a test branch were greater than
its contour length, then each successive generation
would be at a further radial distance and a relatively
hollow interior would result. Other methods to control
the structure include using charges, chemical segrega-
tion effects, or flexible spacers (the number of which
may be generation dependent). Specifically, one could
envision using a very rigid polymer for the first 5—8
generations and then attaching a much more flexible
polymer for the final few generations. The flexible
polymer would form a dense outer shell, and as long as
the flexible ends could not reach all the way back to
the center, the resulting molecule would be relatively
hollow. If these ends were charged they could be
induced to change configuration based upon the salt
concentration (screening), selectively closing or opening
the surface of the starburst. Clearly, this is only
speculation, but the important point is that our results
do not preclude such engineering, instead they point the
proper direction for further research.

Acknowledgment is made to the donors of the
Petroleum Research Fund, administered by the Ameri-
can Chemical Society, for support of this research.

Appendix A

In this appendix we give the analytical function n.
for the number of distinct pairs of monomers separated
by a distance L along the backbone of the dendrimer.
Then we use this function to calculate the radius of
gyration Ry and the structure factor S(q). For a tri-
functional gaussian starburst dendrimer of generation
g, one can obtain:

n =

3 x 2813 x 29771 _ gy,
3 X 2L*1(29*((L*1)/2) _ 1)’
3 x 22972

Leven,L<2g—2
Lodd, L <2g—2
L>2g—2

(A1)

Using this result, one can calculate the radius of
gyration:
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29

RS = zon,_LbleZ (A2)
=

which equals

R2_ gu2(C1+6x2°+ (39— 5)2%9)

A3
¢ (3 x 2% —2)? (A3)

For large-generation Gaussian dendrimers (g > 1), the
radius of gyration is Rg? ~ gb? (See eq 1). The scattering
function S(q) is found by summing the contributions
from the Gaussian distribution for each strand n;:

2 Zg 2h2
S(@)=—— § ne ¥ (A4)
N(N — 1) LZD -

After a straightforward calculation, we find

SIX] = 6 *°[~2 + 3 x 297" — e + 467 + 27 +
Zg(ex/G _ Ge—x/3 _ 4e—x/6) + ZZQ—Zex(g—l)/3(2e—x/3 +
8e 2 + 8 2¥)]/(3 x 29— 2)(3 x 29 — 3) x

(1 —2e7) (1 — 4e7B)

where x = g2b2.
Similarly, we may calculate the “Ry” and S(q) from
just the free ends using the same method. First we

obtain the number of distinct pairs n_ which contain
only free ends separated by a distance L:

3 x 2923 L even, L < 2g
n.={0; L odd (A5)
3 x 2%72 L=2g

Now using eq A2, we solve for the effective radius of
gyration for end monomers only:

R s = 31279 — 2 + 3g]b? (A6)
For large Gaussian starbursts (g > 1), we find
Rends®> & Rg? ~ gb?. The structure factor for scattering
from only the last generation monomers of a Gaussian
starburst can be attained by substituting eq A5 into eq
Ad4. This calculation yields

[l _ e></3 4 zgflefxg/3 4 2g+lefx(g+1)/3]
(3 x 29711 — 2673

S[x] = (A7)

This analytical expression for the structure factor from
scattering due to the end monomers is the dashed line
plotted in Figure 11.

Appendix B

Below we calculate the probability f,; that a randomly
oriented step of size b with one end at an arbitrary point
in shell k has the other end in shell j. This probability
fij is a geometrical factor influencing the probability g;
of stepping from shell k to j (eq 14). It is calculated by
finding the percentage of the surface area of a sphere
of radius r = b centered on all possible coordinates in
adjacent shell k which falls in shell j. The spherical
surface represents the possible positions of the ends of
a random step of length b with uniform distribution of
orientations. We obtain
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fpr = %(—k +2+ (k2 —k- g) In[% )
2k + 1
fop = %k In’% (B1)
2k + 1
o = %(k +2+ (—k2 —k+ %) In[ﬁ )
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